HERMITE’S IDENTITY AND THE QUADRATIC RECIPROCITY
LAW

FRANZ LEMMERMEYER

In this note we give a proof of the quadratic reciprocity law based on Gauss’s
Lemma and Hermite’s identity.

Let p=2m+ 1 and ¢ = 2n + 1 be odd primes, and let A = {1,2,...m} and
B ={1,2,...n} denote two half systems modulo p and ¢, respectively.

For each a € A we have gqa = r, mod p for some 0 < r, < p, hence either r, € A
or p—rg € A. In particular, r, = €40’ mod p, where ¢, = +1 and o’ € A. Taking
the product of these congruences we find

p—1 | — ’
-m! = Hsaa mod p,

and since m! =[] o’ and T = (£) mod p we obtain

()= II=
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Now ¢, = 1if 0 <74 < § and ¢, = —1 otherwise; on the other hand we see that
{quaJ *2{%J _ 0 ifr, <8,
p D 1 ifrg > 5.
Thus ¢, = (—l)quTaJ, and we have proved
Lemma 1 (Gauss’s Lemma).

(%) = (=DM for M= Z {%J

acA

Next we transform the sum M modulo 2.

S5 = |5 meaz

a€cA p a€cA p

Lemma 2. We have

Proof. The terms LMTGJ with a < £ occur as L%J in the sum on the right. We

pair the remaining terms LQ‘IT‘IJ with @ > § with the terms [ %] with odd values of

a in the sum on the right by pairing LQ%J with L@J. The claim follows from
the observation that the sum of these two terms is even; this in turn follows from
2+ 102 = 15+ o= ) = [P g~ 1 - [ %) =g~ 1, and we are
done.

Here we have used the fact that |a — 2] =a—1=a —1— |z for all natural
numbers a and real numbers x € R\Z. In fact we have |[a—z] =a—1=a—1—|z]
when 0 < z < 1, and the claim follows from the fact that both sides have period
1. ]
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Now we know that

(%) =(-1)* for p= Z {%J and (g) =(-1)" for v= Z V)—bJ

acA beB q
This implies
1AV
| ()2 -
(1) AV (=1
For proving that yu+v = 71—1 (from which quadratic reciprocity follows) we use

Hermite’s identity:

Lemma 3. For all real values x > 0 and all natural numbers n > 1 we have
1 -1
(2) LxJ—F{x—l—ﬁJ—k...—l—{x—i—nTJ:mej.

Hermite [1] proved this identity using generating functions; the elementary proof
given here can be found in [2, Ch. 12].

Proof. Consider the function
1 n—1
flz) = |z] + {m—ﬂ +...+ {HTJ — |nz].

It is immediately seen that f(z + 1) = f(z) and that f(z) = 0 for 0 < & < 1.
Thus f(x) = 0 for all real values of x, and this proves the claim. (|

a

Applying Hermite’s identity (2) with = = 5 and n = ¢ to the sum p and using
the fact that [ + gJ = 0 whenever a € A and b € B, we find

ST ST wp S L%

acA a b=0 a€A b=
“1a q—b a b .
222{7+7J=ZZ {f—f—&-lJ and, similarly,
acAb—1 P 4 acaven N P4
b b
=32 Ty [t
i acaven 4 P
Clearlyt%—%—i—lj:lif —7>Oande—f J:Oif%—§<0;thisimplies

thatL9—9+1J+L9—9+1J—1 and we find
1 —1
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