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In this note we give a proof of the quadratic reciprocity law based on Gauss’s
Lemma and Hermite’s identity.

Let p = 2m + 1 and q = 2n + 1 be odd primes, and let A = {1, 2, . . .m} and
B = {1, 2, . . . n} denote two half systems modulo p and q, respectively.

For each a ∈ A we have qa ≡ ra mod p for some 0 < ra < p, hence either ra ∈ A
or p− ra ∈ A. In particular, ra ≡ εaa

′ mod p, where εa = ±1 and a′ ∈ A. Taking
the product of these congruences we find

q
p−1
2 ·m! ≡

∏
εaa
′ mod p,

and since m! =
∏
a′ and q

p−1
2 ≡ ( qp ) mod p we obtain(q

p

)
=
∏
a∈A

εa.

Now εa = 1 if 0 < ra <
p
2 and εa = −1 otherwise; on the other hand we see that⌊2qa

p

⌋
− 2
⌊qa
p

⌋
=

{
0 if ra <

p
2 ,

1 if ra >
p
2 .

Thus εa = (−1)b
2qa
p c, and we have proved

Lemma 1 (Gauss’s Lemma).(q
p

)
= (−1)M for M =

∑
a∈A

⌊2qa

p

⌋
.

Next we transform the sum M modulo 2.

Lemma 2. We have ∑
a∈A

⌊2qa

p

⌋
≡
∑
a∈A

⌊qa
p

⌋
mod 2.

Proof. The terms b 2qap c with a < p
4 occur as b q·2ap c in the sum on the right. We

pair the remaining terms b 2qap c with a > p
4 with the terms b qap c with odd values of

a in the sum on the right by pairing b 2qap c with b q(p−2a)p c. The claim follows from

the observation that the sum of these two terms is even; this in turn follows from

b 2qap c+ b q(p−2a)p c = b 2qap c+ bq − 2qa
p c = b 2qap c+ q − 1− b 2qap c = q − 1, and we are

done.
Here we have used the fact that ba − xc = a − 1 = a − 1 − bxc for all natural

numbers a and real numbers x ∈ R\Z. In fact we have ba−xc = a−1 = a−1−bxc
when 0 < x < 1, and the claim follows from the fact that both sides have period
1. �
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Now we know that(q
p

)
= (−1)µ for µ =

∑
a∈A

⌊qa
p

⌋
and

(p
q

)
= (−1)ν for ν =

∑
b∈B

⌊pb
q

⌋
.

This implies

(1)
(p
q

)(q
p

)
= (−1)µ+ν .

For proving that µ+ν = p−1
2

q−1
2 (from which quadratic reciprocity follows) we use

Hermite’s identity:

Lemma 3. For all real values x ≥ 0 and all natural numbers n ≥ 1 we have

(2) bxc+
⌊
x+

1

n

⌋
+ . . .+

⌊
x+

n− 1

n

⌋
= bnxc.

Hermite [1] proved this identity using generating functions; the elementary proof
given here can be found in [2, Ch. 12].

Proof. Consider the function

f(x) = bxc+
⌊
x+

1

n

⌋
+ . . .+

⌊
x+

n− 1

n

⌋
− bnxc.

It is immediately seen that f(x + 1
n ) = f(x) and that f(x) = 0 for 0 ≤ x < 1

n .
Thus f(x) = 0 for all real values of x, and this proves the claim. �

Applying Hermite’s identity (2) with x = a
p and n = q to the sum µ and using

the fact that bap + b
q c = 0 whenever a ∈ A and b ∈ B, we find

µ =
∑
a∈A

⌊aq
p

⌋
=
∑
a∈A

q−1∑
b=0

⌊a
p

+
b

q

⌋
=
∑
a∈A

q−1∑
b=n+1

⌊a
p

+
b

q

⌋
=
∑
a∈A

n∑
b=1

⌊a
p

+
q − b
q

⌋
=
∑
a∈A

∑
b∈B

(⌊a
p
− b

q
+ 1
⌋)

and, similarly,

ν =

m∑
b=1

⌊bp
q

⌋
=
∑
a∈A

∑
b∈B

⌊ b
q
− a

p
+ 1
⌋
.

Clearly bap −
b
q + 1c = 1 if a

p −
b
q > 0 and bap −

b
q + 1c = 0 if a

p −
b
q < 0; this implies

that bap −
b
q + 1c+ b bq −

a
p + 1c = 1, and we find

µ+ ν =
∑
a∈A

∑
b∈B

⌊a
p
− b

q
+ 1
⌋

+
∑
a∈A

∑
b∈B

⌊ b
q
− a

p
+ 1
⌋

=
p− 1

2

q − 1

2
.
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