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Abstract

We start with a Lie Algebra g over a Field K, then we construct the universal enveloping algebra
Ug and define the cohomology groups H"(g,A) for every (left) g-module A, by regarding A as a Ug-
module. Then we give proofs of the Weyl Theorem and deduce the Whitehead Lemmas as corollaries.

1 Introduction

The origin of Cohomology theory of Lie Algebras lies in algebraic topology. Chevalley-Eilenberg (see
[1]) have shown that the real cohomology of the underlying topological space of a compact connected
Lie group is isomorphic to the real cohomology of its algebra. We are going to give cohomological proofs
of the two main theorems in the theory of Lie algebras over a field of characteristic 0.

The first of these theorem is that the finite-dimensional representations of a semi-simple Lie algebra are
completely reducible. The main step in that proof will be to show that the first cohomology group of
a semi-simple Lie algebra with arbitrary finite-dimensional coefficient module is trivial. This is known
as the first Whitehead Lemma. Then we are going to prove that every finite dimensional Lie algebra g
is the split extension of a semi-simple Lie algebra by the radical of g. The main step in the proof of this
result will be to show that the second cohomology group of a semi-simple Lie algebra with arbitrary
finite-dimensional coefficient module is trivial. This is known as the second Whitehead Lemma.

2 The Universal enveloping algebra

Let K be a field. A Lie algebra g over K is a vector space over K together with a bilinear map [, | : gxg — g,
satisfying the following two identities

[x,x] =0, XEg
[ [zl +[plzx]l+ [z[x9]]=0, %y zeq

The second equation is known as the Jacobi identity. A Lie algebra homomorphism f : g — ki is a K-linear
map compatible with the Lie Bracket. A Lie subalgebra I of g is a linear subspace closed under the
bracket. A Lie subalgebra I is called a Lie ideal of g, if [x,y] € i for every x e gand every y € . If hiis a
Lie ideal of g, then the quotient space g/h inherits the Lie algebra structure from g.

A Lie algebra is called abelian if [x,y] = 0 for all x,y € g. This is a special case, because any K-
vector space can be regarded as an abelian Lie algebra. In fact, given any K-algebra A we can associate



(functorially) a Lie Algebra LA with the same underlying vector space as A, the Lie bracket being defined
by
[x,]=xy - px.

In order to define a the cohomology group of a Lie algebra we need to find a left adjoint to the functor
L (i.e. a functor U determined by the Hom(, ) functor, going from the category of Lie Algebras to the
category of Algebras). Such functor indeed exists and the image of the Lie algebra g is called the universal
enveloping algebra of g and is denoted by Ug.
Let us start with the notion of a tensor algebra over the K-vector space M.

Definition 2.1. Denote, for n > 1, the n-fold tensor product of M by T, M,
T,M=M®®gM®g ... 0k M, n times.

Set TyM = K. Then, the tensor algebra TM is @' T,M, with the multiplication induced by

’

(M1 ®...0mp) - (M) ®..my) =y ®...0 M, @y ®...m,
where mj,m; € M for 1 <i<p, 1<j<q.
Note that TM is the free K-algebra over M; More precisely: To any K-algebra A and any K-linear map
f : M — A there exists a unique algebra homomorphism f;,: TM — A extending f. In other words, the

functor T is left-adjoint to the underlying functor to K-vector spaces which forgets the algebra structure.
This is because fo(m; ®... ® m,) may and must be defined as

f(my)f(my)...f (my).

Definition 2.2. Given a K-Lie algebra g, we define the universal enveloping algebra Ug of g to be the quotient
of the tensor algebra Tq by the ideal I generated by the elements of the form

XQy-y®x—[x,], x,y€q.
Then Ug=Tyg/I.

Clearly, we have a canonical mapping of K-vector spaces i : g — Ug defined by the projection g C
Tg — Ug which can be easily turned into a Lie algebra homomorphism

i:g— LUg.

It is now easy to see that any Lie algebra homomorphism f : g — LA induces a unique homomorphism
f1: Ug — A since the homomorphism f;: Tg — A vanishes on the ideal I. We may summarize this in the
following proposition:

Proposition 2.3. The universal enveloping algebra functor is a left adjoint to the functor L.
The next step of our construction is to study the structure of Ug. Let {e;}, i € ] be a K-basis of g

indexed by a simply-ordered set J. Let I = {iy,...,i,,} denote an increasing sequence of elements in J. Then
define e; = ¢; ---¢; € Ug to be the projection of ¢; ®...®¢; € Ty.

Theorem 2.4. (Birkhoff-Witt) Let {e;}, i € ], be a K-basis of g. Then the elements e corresponding to all finite
increasing sequence I (including the empty one) form a K-basis of Ug.



Proof. We are going to prove this in several steps. We begin defining the index of a monomial ¢j, ®...®¢;
as follows. For any 1 <i <k <m, set

w-{0 0 i
Loif ji>ji
and define the index
ind(ejl .0 8]'") = Zﬂik.
i<k
Note that ind=0 if and only if j; <... <j,. Monomials having this property will be called standard. We
now suppose ji > jx.1 and we wish to compare

ind(ej, ®...9¢€;,) and (1)
ind(ej ®..®¢j, ®e;®..0¢ ) (2)

Jk+1

where the second monomial is obtained by interchanging e; and ey, ;. Let 7/, be denotes the #’s for the
second monomial. Then we have ’71"j =i if L] 2k k+ 15100 = Nikers Mgy = ik 1<K 1) = kg
Nke1,j = Mk, if j >k +1 and 7/ k1 = 0, /1 = 1. Hence,

ind(ej, ®...Q¢j ) =1+ind(e; ®..®ex, 1 Qe ®...®e¢j ).

We use these remarks to the following claims.

Claim 2.5. Every element of Tqg is congruent mod I to a K-linear combination of 1 and standard monomials.

Proof. 1t suffices to prove the statement for monomials. We order these by degree and for a given degree
by the index. To prove the assertion for a monomial ¢; ®...®¢;, it suffices to assume it for monomials
of lower degree and for those of the same degree n which are of lower index than the given monomial.
Assume the monomial is not standard and suppose j; > jr.1. We have,

€, ®..0¢j =€, ®..Q06,1®e®...Q¢ +¢;,®..Q [e]-k,ejm]@... ®e;j,, (mod I).
The first term of the right-hand side is of lower index than the given monomial while the second is a

linear combination of monomials of lower degree. The result follows from the induction hypothesis. [

We wish to show that the the cosets of 1 and the standard monomials are linearly independent and so
form a basis for Ug. For this purpose we introduce the vector space V,, with the basis ej, ---¢; , iy <... < i,
and the vector space V =K1®V; ®V, ®... The next claim will help us prove the independence we want.

Claim 2.6. There exists a linear mapping o of Tg onto V such that

o(1) = 1 (3)
0(6i1®ei2®"'®ein) = 6,6, €, Zfl]SSln (4)
0(¢j, ®..0¢),~¢;, 8¢, ®¢;,®..®¢;) = 0(¢;®..8¢;, ¢, |®..®¢;) (5)

Proof. Set o(1) =1 and let T, ;g be the subspace of T,g spanned by the monomials of degree n and index
less or equal to j. Suppose a linear mapping o has already been defined for K1® T1gg® T19®...® T,,_19
satisfying equations 4 and 5 for the monomials in this space. We extend o linearly to K1® Tig® T;g®
- ®T, 19®T, ;g by requiring that o(e; ®e¢;, ®...®¢; ) =¢; ---¢; for the standard monomials of degree n.



Next assume thato has been defined for K1® T1g@ T19®...® T,_19® T,,;_1 9, satisfying 4 and 5 for the
monomials belonging to this space and let ¢;; ®...®¢; be of index i > 1. Suppose ji > jr;1- Then we set

(e, ®..®¢j )= 0(e; ®..0¢;, ®e¢j, ®...0¢;)+0((e], ®..® [ejk,ejhl]@ @) (6)

Jk+1

This makes sense since the two terms on the right are in K1® T1g® T196...6T,_19® T, ;_19. We show
first that equation 6 is independent of the choice of the pair (jk, jk+1), jk > jk+1- Let (ji, jj+1) be a second
pair with j; > ji,;. There are essentially two cases: I. I >k + 1, IL. I =k + 1.

I. Set Uj =, Wj, =V, Uj =w, U

right hand side of 6

.., = x. Then the induction hypothesis permits us to write for the

0(.v®uU..0xQw...)+0(.VOUR..® [w,X]|®...)
+ 0([uv]®...9x0Ww®...)+0(..® [, 7] ®...0 [w,x]®...)

If we start with (jj, j;,41) we obtain

0 UBY®...OXOW®...)+0(..0 URVR...Q [w,x]|®...) =
0(.VQU..0xQW....) + 0 (... [U,7]®...XBW®...)
+ 0(.vQuU®..0[w,x]®..)+0(..0[U,v]®...0 [w,x]|®...)

This is the same as the value obtained before.

II. Set uj =u, u;,  =v =uj, uj  =w. If we use the induction hypothesis we can change the right

hand side of 6 to
o(.w®vu..)+o(...[v,w]®u..)+o(.v®[u,w]...)+o(..[u,v]@w...)

Similarly, if we start with
o(.u®wev...)+o(.u®v,wl..)

we can wind up with
ocwveu..)+o(.w®u,v]..)+o(.[u,w]@v..)+o(.u®v,w]..).

Hence we have to show that o annihilates the following element of K1® Tig®...® T, g:

(. [v,w]ou..)—(.udv,w].)+(v@[u,w]..)—(.[u,w]®v..)+ (. [yv]dw.)-(..wd|uv]..) (7)

Now, it follows easily from the properties of o in K1®T;g®...®T,_1g that if (...a®b...) € T,_;g where
a,b € Tyg, then
0(..a®b...)—o(..b®a..)+0(..[ab])=0 (8)

Hence o applied to 7 gives
o(..[[v,w],ul...)+o(..[v,[u,w]]...) + o (... [[u,v]w]...) (9)

But this is zero because of Jacobi identity. Hence, in this case too, the right hand side of 6 is
uniquely determinated. We now apply 6 to define o for the monomials of degree n and index
i. The linear extension of this mapping on T, ;g gives a mapping on K1 &...® T, g satisfying our
conditions. This completes the proof of the lemma.



Now we can come back to the proof of the Birkhoff-Witt Theorem. Claim 2.5 shows that every coset
is a linear combination of 1 + I and the cosets of the standard monomials. Claim 2.6 gives us a linear
mapping o of Tg into V satisfying equations 4 and 5. It is easy to see that every element of the ideal I is
a linear combination of elements of the form

(e, ®..®¢j )~ (¢, ®ej,, ®e; ®..0¢; )~ (¢, ®..8 e ¢;, |® .. ®¢;).

Jk+1 Jk+1

Since 0 maps these elements into 0, o0 induces a linear mapping a linear mapping from Ug= Tg/l to V.
Since equation 4 holds, the induced mapping send the cosets of 1 and the standard monomial ¢; ®...®¢;,
into 1 and e; ---¢; respectively. Since these images are linearly independent in V we have the linear
independence in Ug of the cosets of 1 and the standard monomials. This completes the proof. O

Corollary 2.7. The mapping i : g — Ug is injective and K1 Ni(g) = 0.

Proof. If {e;} is a basis for g over K, then 1 =1+ and the cosets i(e;) = ¢; + I are linearly independent.
This implies both statements. O]

Corollary2.7 implies that every Lie algebra g over K is isomorphic to a Lie subalgebra of a Lie algebra
of the form LA for some K-algebra A (in this case A = Ug)

Definition 2.8. A left g-module A is a K-vector space A together with a homomorphism of Lie algebras p : g —
L(EndgA).

We may think of the elements of g as acting on A and write xoa for p(x)a, x € g, a € Aso that xoa € A.
Then A is a left g-module and x o 4 is K-linear in x and a. Note also that by the universal property of
Ug the map p induces a unique algebra homomorphism p; : Ug — EndgA, thus making A in a left Ug-
module. Conversely, if A is a left Ug-module, so that we have a structure map o : Ug — EndgA, it is also
a g-module using p = 0 oi. Thus the notion of g—module and Ug—module coincide.

An important phenomenon in the theory of Lie algebra is that the Lie algebra g itself may be regarded as
a left g—-module. The structure map is written ad : g — L(Endgg) and is defined by ad(x)y = [x,v], x,y € g.
A g—module is called trivial, i.e. if xoa = 0 for all x € g. It follows that a trivial g-module is just a K-vector
space. Conversely, any K-vector space may be regarded a a trivial g—module for any Lie algebra g.

The structure map of K, regarded as a trivial g-module, sends every x € g into zero. The associated
(unique) algebra homomorphism € : Ug — K is called the augmentation of Ug. The kernel Ig of € is
called the augmentation ideal of Ug. Note that Iqg is just the ideal of Ug generated by i(g).

3 Definition of Cohomology

Recall that a left resolution of a R-module M over ring R is a long exact sequence of R-modules:
5, 5, So
wo—>P —>P —FP—M-—>0

We say that this resolution is projective if each P, i = 0,1,2,... is projective; meaning that the functor
Hom(P,-) preserves exact sequences. With this in mind we may define the functor Ext. If C is another
R-module, apply Hom(:, C) to the chosen projective resolution of M, yielding
Hom(6,,C) Hom(6;,C) Hom(6y,C)
-+« « Hom(P,,C) «——— Hom(P;,C) «———— Hom(Py,C) «—0

with Hom(B, C) deleted as before. The nth homology of this is Ext"(B, C). Again, even though directions
are reversed (since Hom(:,C) is contravariant), different projective resolutions give isomorphic homol-
ogy, and everything in sight is well defined.



Example 3.1. Let M = Z/pZ and R = Z. As a projective resolution, use --- - 0 — Z — Z — M — 0. The
map from Z to Z is multiplication by p. Applying Hom(-, C) (and deleting the first term) gives

c0ecEcdy,
S0 Ext%(M,C) ~{xeC : px=0}and Ext}Z(M,C) ~ C/pC.

Definition 3.2. Given a Lie algebra g over K and a g—module A, we define the n'" cohomology group of g with
coefficients in A by
H"(g,A) = Extj(K,A), n=0,1,... (10)

where K is regarded, of course, as a trivial g—module.

Note that each H"(g, A) is a K-vector space. We start by computing H? and H!. For any g-module A,
HOg, A) is by definition Homgy(K,A). Now, an g-module homomorphism ¢ : K — A is determined by the
image of 1 € K, ¢(1) =a € A. As K is regarded as a trivial module, we have that 0 = ¢(0) = p(xo1l)=xo0a
for every x € g. Then ¢(1) = a defines a g—-module homomorphism if and only if x o a = 0. Consequently,

H%g,A)={acA : xoa=0, forall x€qg);
we call this the the subspace of invariant elements in A and denote it by AS.

In order to study the first cohomology group (we keep calling it group even though it is a K-vector
space) we define derivations.

Definition 3.3. A derivation from a Lie algebra g into a g—module A is a K-linear map d : g — A such that
d[x,y]=x0d(y)+yod(x).

We denote the K-vector space of all derivations by Der(g, A).

Note that if A is a trivial g-module, a derivation is simply a Lie algebra homomorphism where A is
regarded as an abelian Lie algebra. Also note that for a € A fixed we obtain a derivation d, : g — A by
setting d,(x) = x o a. Derivations of this kind are called inner. The inner derivations in Der(g,A) clearly
form a K-vector subspace, which we denote bu Ider(g, A).

Theorem 3.4. The functor Der(g,-) is represented by the g-module I, (the augmentation ideal) that is, for any
g-module A there is a natural isomorphism between the K-vector spaces Der(g, A) and Homg(Ig, A).

Proof. Given a derivation d : g —> A, we define a K-linear map f; : Tg — A by sending K = Tg C Ty into
zero and x; ®...®x,, into xj o (x,0...0(x,_; 0dx,)...). Since d is a derivation f; vanishes on all the elements
of the form t® (x®y -y ®x - [x,9]), x,y € gand t € Tg. Since A is a g-module, f; vanishes in all the
elements of the form t; @ (x®y -y ®x—[x,v])® 1y, for x, y € g and #;, t, € Tg. Thus fd defines a map
fa:Ig — A, which is by definition a g-module homomorphism.

On the other hand, if f : Ig — A is given, we extend f to Ug by setting f(K) = 0 and then we define a
derivation df : g —> A by dy = fi, where i : g — Ug is the canonical map.

1. We check that f(df) = f. Viewing Ig as an g—module we have that f(x; ®...®x,) = f(x; ®...Qi(x,)) =
x10(xp0..0(x,_10 fi(x,))) =x10(x20...0(x,_1 0df(xy))) = fdf (X1 ®...9x,,).

2. We check that d(;,) = d. This is easily seen because dy, (x) = fzi(x) = d(x) for all x € g.



3. And fmally, we check that the map f > df is K-linear. Just note that d, .1 (x) = (Af; + f2)i(
Afri(x)+ fi(x) = Adp (x) +dp,(x) for all x € g.

If the take the following free resolution of K
0—->Ig—>Ug—>K—>0,
then given a g—-module A, we obtain that
H'(g,A) = coker(Homg(Ug, A) — Homgy(Ig, A)).

Hence H!(g, A) is ismomorphic to the vector space of derivation from g into A modulo those that arise
from g—module homomorphism f : Ug — A. If f(1yg) = a, then clearly df(x) = x o 4, so that these are
precisely the inner derivations. Note that any a € A defines an inner derivation d, : § — A that can be
lifted to a g-module homomorphism f; : Ug — A using the technique in Theorem 3.4, and in this case

fa,(1yg) =
Proposition 3.5. H!(g, A) = Der(g,A)/Ider(g,A). If A is a trivial g-module, H'(g, A) = Homg(g/[g,9],A).

Proof. In the previous discussion we showed the first assertion, so it only remains to prove the second
one. Since A is trivial, there are no nontrivial inner derivations, and a derivation d : g — A is simply a
Lie algebra homomorphism, A being regarded as an abelian Lie Algebra. O

4 A resolution for K

In this section we describe a convenient resolution for the ground field K. For any K-vector space V, and
n >0, we define E,V to be the quotient of the n-fold tensor product of V, that is, T,,V, by the subspace
generated by

X1 ®X)Q...Q X, — (SIgNo)Xs1 ®X52 ® ... ® X5,

for xq,...,x, € V, and all permutation o of the n-symmetric group. We shall use (xq,...,x,) to denote an
element of E,V corresponding to x; ®... ® x,,. Clearly we have

X1y eer Xy vy Xjy ooy X)) = =Xy o0ty Xy vy Xy ooy X))

Note that E;V = V, and set E,V = K. Then E,V is called the n'" exterior power of V and the graded
K-algebra EV = @ZO:O E, V, with multiplication induced by that in TV, is called the exterior algebra on
the vector space V.

Now let g be a Lie algebra over K, and let V be the underlying vector space of g. Denote by C, the
g-module Ug®k E,V,n=0,1,.... For short we shall write u(xy,....,x,,) for u®{xy,....,x,,), u € Ug. We have
the following result available in [2], page 243.

Fact 4.1. Let C,, = Ug®g E,V where V is the vector space underlying g, and let d,, : C,, — C,_1 be the
g—module maps defined by

n

dy((x1, X)) = Z(—l)i+1xi(x1,...,32i,...,xn>

i=0

+ Z (—1)i+j([xl-,x]-],x1,..., XAZ',..., A]',...,Xn>.

1<i<j<n



then the sequence

dy
---—>Cn—>Cn,1—>---—>C0i>K—>0

is a g—free resolution of the trivial g—module K.

5 Semi-simple Lie Algebras

In this section we review some results from the Lie theory. In the whole of this section g will denote a
finite-dimensional Lie algebra over a field K of characteristic 0. Also, A will denote a finite-dimensional
g—module.

Definition 5.1. To any Lie algebra g and any g—module A we define ans associated bilinear form B from g
to K as follows. Let p: g — L(EndgA) be the structure map of A. If x,y € g then px and py are K-linear
endomorphisms of A. We define p(x,v) to be the trace of the the endomorphism (px)(py),

B(x,y) = Tr((px)(py))

Clearly this is a bilinear symmetric form. Recall that if A = g then the associated bilinear form is
called the Killing form of g. Also note that the associated bilinear form is associative, i.e.

p(lxy],2) = Tr((pxpy — pypx)pz) = Tr(px(pypz - pzpy)) = (%, [9,2])
Definition 5.2. Given a Lie algebra g, we defined its derived series gy, 9y,... inductively by
90 =9 Gns1 = [90,04], n=0,1,...
A lie algebra is called solvable if there is an integer n > 0 with g, = {0}.
The following is an important result of the theory of Lie algebras. It is known as the Cartan’s criterion
for solvable lie algebras. A proof is accessible in [3], page 68.

Theorem 5.3. (Cartan’s criterion for solvability) Suppose g has finite dimensional module A such that

1. The kernel of the structure map p is solvable.

2. Tr((px)?) = 0 for every x € [g,g].

Then g is solvable.

Definition 5.4. A Lie algebra g is called semi-simple if {0} is the only abelian ideal of g.

The following is a rather deep result related with the Cartan’s criterion for solvability of Lie algebras.
It is a key fact for what is next.

Theorem 5.5. Let g be semi-simple (over a field characteristic 0), and A be a g—module. If the structure map
p is injective, then the bilinear form p corresponding to A is non-degenerate.

Proof. Let S be the kernel of the associate bilinear form g; that is, the set of all z € g such that f(x,z) =0
for all x € g. Since f(a,[z,b]) = —p([ab],z) we see that S is an ideal of g. Then, by the Cartan criterion for
solvability (Theorem 5.3) S is solvable because Tr((px)?) = 0 for every a € S and p is injective. Since g is
semi-simple, S = {0} which implies that § is non-degenerate. ]



Corollary 5.6. The Killing form of a semi-simple Lie algebra is non-degenerate.

Proof. The structure map ad : g — L(Endgg) of the g—-module g has the center of g as kernel. Since the
center is an abelian ideal, is is trivial. Hence ad is injective. O]
Corollary 5.7. Let a be and ideal in the semi-simple Lie algebra g. Then there exists an ideal b of g such that

g=a®h, as Lie algebras.

Proof. Define b to be the orthogonal complement of a with respect to the killing form f. Clearly it is
sufficient to show (i) that b is an ideal and (ii) that anb = {0}. To prove (i) let x e g, a € aand b € b. We
have that p(a, [x, b]) = B([a,x],b) = B(a’,b) = 0, where [a,x] = a’ € a. Hence for all x € g, [x,b] € b so that b is
an ideal. To prove (ii) let x,y € anb, z € g; then B([x,v],2) = (x,[y,2]) = 0, since [y,z] € b and a € a. Since
p is non-degenerate it follows that [x,y] = 0. Thus aNb is an abelian ideal of g, hence trivial. O

Corollary 5.8. If g is semi-simple, then every ideal a in g is semi-simple also.

Proof. Since g = a®Db by Corollary 5.7, every ideal a’ in a is also an ideal in g. In particular if a’ is an
abelian ideal, it follows that a’ = 0. O

We now return to the cohomology theory of Lie algebras. Recall that the ground field K is assumed
to have characteristic 0.
Theorem 5.9. (Whitehead’s Theorem) Let A be a (finite-dimensional) simple module over the semi-simple
Lie algebra g with non-trivial g-action. Then H(g,A) = 0 for all ¢ > 0.

Proof. Let the structure map p : g — L(EndgA) have kernel i’. By Corollary 5.7, i’ has a compliment I
in g, which is non-zero because A is non-trivial. Since Ir is semi-simple by Corollary 5.8, and since p
restricted to I is injective, the associated bilinear form f is non-degenerate by Theorem 5.5. Note that
is the restriction to ki of the bilinear form on g associated with p. By linear algebra we can choose K-bases
{le;},i=1,..,m, and {e]'-}, j=1,..,m, of i such that ﬁ(e,-,e]") = 51~]-. We now prove the following assertions:

1. If xegand if [e;,x] = Y}, cixex and [x, e;] =Y 2, dje, then
Cij = d]l
Proof. B(lei,x],€}) = B(L cixex,€}) = ¢ but B([e;,x]) = lei, [x,¢]]) = Blej, L djie]) = djs. O

2. Then element ) [", e;e] € Ugis in the center of Ug; hence for any g-module B the map t =t : B — B
defined by t(b) = )./, ¢; o (¢] o b) is a g—module homomorphism.

Proof. Let x € g, then

£

i

Z([x, eile; + eixe;) = —Zcikeke; + Zeixe; = —deiekelf + Z’ekxe,’<
j i ik k

ik

1
7 ] ’
Yl Vo= Y[ Lo
k k k

+



It is clear that, if ¢ : By — B, is a homomorphism of g—modules, then t¢ = ¢t.

3. Consider the resolution ... » C,, — C,_; — ... = Cg of the Theorem 4.1. The homomorphism ¢
defines a chain map 7 of the chain into itself. We claim that 7 is chain-homotopic ti the zero map.

Proof. We have to find maps ¥,,: C,, » C,;1,n=0,1,... such that d1Xy =19 and 4,1 X, + X, _1d,, =
T,, 1 > 1. Define ¥, to be the g—module homomorphism given by

(X1 e Xy) = OpL (€1 X5 onves Xy ).

The assertion is the proved by the following computation (k varies from 1 to m; i,j vary from 1 to
n):

(A1 X+ 21d,) (X1, 000 X) Zekekf(xl,...,xn) + Z(—l)iekxi(e,’(,xl,....,xi,...,xn>

k ik

+ Z(—l)lek([e;,xi],...,aﬁi,...,xn)
ik

i Z(_l)”]ek([xilxj]’e;«xlf---”ei""'fj""'xn>
k,i<j

+ Z(—l)i“x,-ek(e,’(,xl,...,fi,...,xn)
ik

+ Z(—l)lﬂek(ek',[xi,xj],,xl,...,Jﬁi,...,ﬁj,...,xn>
k,i<j

= Tt X))+ ) (1) e X1 R X)

ik

+ Z(—l)’ek([e;(,xi],xl,...,aéi,...,xn>

i,k

Using that ¢;; = dj; as in assertion 1. we see that the two latter sums cancel each other, and thus
assertion 3. is proved O

Consider now the map t =t4 : A — A and the induced map
t.: H1(g,A) —» H(g, A).

By the nature of t4 (see final remark in assertion 2.), it is clear that ¢, may be computed as the map
induced by 7 : C — C. Hence, by assertion 3., ¢, is the zero map. On the other hand t : A — A must
either be an automorphism or teh zero map since A is simple, but it cannot be the zero map, because the
trace of the linear transformation t equals } /", B(e;, e;) = m # 0. Hence it follows that H9(g, A) = 0 for all
q=>0. 0

Theorem 5.10. (The first Whitehead Lemma) Let g be a finite dimensional semi-simple Lie algebra and let
A be a finite dimensional g—module. Then H'(g, A) = 0.

Proof. Suppose there is a g—-module A with H!(g, A) # 0. Then there is such a g-module A with minimal
K-dimension. If A is not simple, then there is a proper submodule 0 # A" = A. Consider 0 - A"’ > A —
A/A” — 0 and the associated long exact cohomology sequence

..— H'(g,A") > H'(g,A) > H'(g,A/A") — ---.

10



Since dimgA’ <dimgA and dimgA/A’ < dimgA is follows that
H'(g,A’)=H'(g,A/A’) = 0.

Hence H'(g,A) = 0, which is a contradiction. It follows that A has to be simple. But then A has to be a
trivial g—module by Theorem 5.9. We then have that H'(g, A) = Hom(g/[g,g],A) by Proposition 3.5. Now
consider

0—[g9]>9—9/[g9] 0.

By Corollary 5.7 the ideal [g,g] has a complement which plainly must be isomorphic to g/[g,g], in par-
ticular it must be abelian. Since g is semi-simple, g/[g,g] = 0. Hence H!(g,A) = Homg(g/[g,9],A) = 0,
which is a contradiction. It follows that H'(g, A) = 0 for all g—-modules A. O

Corollary 5.11. (Weyl) Every (finite-dimensional) module A over a semi-simple Lie algebra g is a direct sum
of simple g—modules.

Proof. Using induction on the K-dimension of A, we have only to show that every non-trivial submodule
=# A’ C A is a direct summand in A. To that end we consider the short exact sequence

0-A">A—>A">0 (11)
and the induced sequence
0 — Homg(A”,A") - Homg(A,A") - Homg(A',A') = 0, (12)

which is exact since K is a field. We remark that each of the vector spaces in 12 is finite-dimensional
and can be made into a g-module by the following procedure. Let B,C be g—modules; then Hom(B, C)is
a g—module by (xf)(b) = xf(b) — f (bx), x € g, b € B. With this in mind, 12 becomes an exact sequence of
g—-modules. Note that the invariant elements in Homy (B, C) are precisely the g—-module homomorphism
from B to C. Now consider the long exact cohomology sequence arising from 12

0 — H%g,Hom(A”,A")) > H (g, Homg (A, A’)) - H%(g, Homg (A"*')) > H' (g, Homg (A”,A’) > ... (13)

By Theorem 5.10, H'(g, Homg(A”,A’)) is trivial. Passing to the interpretation of H° as the group of
invariant elements, we obtain a surjective map

Homg(A,A’) — Homg (A", A').

If follows that there is a g—module homomorphism A — A’ inducing the identity in A’; hence 11 splits
which is what we wanted. O]

We proceed with the proof of the the second Whitehead Lemma. First, we need some additional no-

tions. Let 0 — A — g 2, i — 0 be an extension of Lie algebras over K, with abelian kernel A. If s: h — g
us a section, that is, a K-linear map such that ps = 1, we can define iA, and hence in A, an h—action
structure by x o ia = [sx,ia] for a € A, x € I, where [, ] denotes the bracket in g. This —action defined on
A does not depend upon the choice of section s. Indeed if s’ is another section then sx—s’x lies in A since
p(sx—s’x) = 0 and as A is commutative the action of sx —s’x in A is trivial. This i—module structure on
A is called the h—module structure induced by the extension.

An extension of i1 by an —module A is an extension of Lie algebras 0 - A — g — I — 0, with abelian
kernel, such that the given h—module structure in A agrees with the one induced by the extension.
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We shall call two extensions 0 > A - g—h — 0and 0 > A — g’ — I — 0 equivalent, if there a Lie
algebra isomorphism f : g — g’ such that the diagram

A —- g > I

| 3 I (14)
A - g > &

commutes. We denote the set of equivalence classes of extensions of i1 by A by M(ly, A). By the above,
M(h, A) contains at least one element, the equivalence class containing the semi-direct product 0 - A —
A xfy — I — 0. With this all we have the following fact that can be found in [2] page 238 Theorem 3.3.

Theorem 5.12. (and definition) There is a one-to-one correspondence between H?(ly, A) and the set M (I, A) of
equivalence classes of extensions of by A. The set M(li, A) has a natural K-vector space structure whose zero

element is the class containing the semi-direct product A A Axn 2 1 which splits by i, : b — A x h. The

bracket is defined by [(a,x),(b,y)] = (xob—ypoa,[x,v]).

Proof. Let 0 > A — g — i — 0 be an extension of Lie algebras over K. Let s : 1 — g be a section, that is, a
K-linear map with ps = Id,, (here p stands for the projection g — Ir), so that as K-vector spaces g = A® .
Then the Lie algebra structure of g may be described by a K-bilinear function / : i x i — A defined by
h(x,v) = [sx,sy]—s[x,v], x,y € 1, because over A@® i we may define a bracket

[(a,x),(b,9)] = (xo b=y oa+h(x,y)[xy])

wich coincides with the bracket in g since the adjoint action of g over A induces a g—module structure
on A.

Note that h is a 2-cocycle in Homy(C, A) where C is the resolution of Fact 4.1 for the Lie algebra f. In
fact, because of the definition and the Jacobi identity we have

dh(xy,xp,x3) = x5 0h(x,x3)—xp0h(x1,x3) +x3 0 h(x1,x3)
—  h([x1,x2],x3) = h([x2,x3], x1) + A([x1, %3], %)
[sx1,[sx2,sx3]] + [sx2, [sx3,5%1 ]] + [sx3, [sx1, 5x2]]

= s[xy, [xp,x3]] = s[x2, [x3,x1]] = s [x3,[x1,%2]] = 0

Moreover notice that if s; and s, are two sections then we have for the associated bilinear functions that
hy —h, = d(s; —s;), which means that & is defined up to a boundary. This comes from the fact that,

x0(sp=82)y—yo(sy—s2)x— (51 —52)[x,¥]
[s1%, (51 = 52)¥] = [s2%, (51 —52)¥] = (51 = $2) [, 9]
([s1x,519] =s1[x,9]) = ([s2%,529] =52 [x,9])
hy(x,9) = ha(x, )

d(s1 —s2)(x,9)

where we have made use of the fact that the action does not depend on the choice of the section.
Now, let A be a hi-module. To each 2-cocycle h € Z?(li, A) we associate a Lie algebra A @y, Iy as the vector
space A@h endowed with the Lie bracket

[(a,x),(b,p)] = (xo b=y oa+h(x,y)[xv])

The quotient map p: A®, 1 — I, (a,x) — x is a Lie algebra homomorphism with kernel A, hence define
a A-extension of I1. The map x + (0, x) is section of p. Then we have defined a map

Z%(m,A) - M(,A)
h — Aguh

12



By the previous discussion it is a surjective map. Now let us show that its kernel consists of boundaries
B%(h, A), that is, A@y, t and A @y, Iy are isomorphic extensions if and only if h— k' is a boundary. Suppose
that f : A®, I > A®y, 1 is an isomorphism of extensions, then we know that f(a,0) = (a,0) and that there
exist a K-linear map m : i — A such that f(0,x) = (m¢(x), x). We have the following:

dmg(x,y) = xomg(y)—yomp(x)—mg([x,p])
= h(x,y)-H'(x,p)

because (h(x,9),0) + £(0,x,]) = (h(x,9) + ms([x,v]) = F1(0,%),(0,9)] = [f(0,%), £(0,9)] = (x 0 ms(y) =y o
mpg(x)+h'(x,9),[x,]). This means that h—h’is a boundary.

Conversely , if h —h’ is a boundary, there exist a K-linear map w : i — A such that dw = h—#’, then the
map f, : A®,h —» A®y I defined by f,,(a,x) = (a + w(x),x) is an A-extension isomorphism. This implies
that

H?(1,A) = Z%(1,A)/B?(5, A) — M(I, A)

h—— S A@,h

is an isomorphism. This concludes the proof. ]

Now we a ready to prove the second Whitehead Lemma.

Corollary 5.13. (The second Whitehead Lemma) Let g be a semi-simple Lie algebra and let A be a (finite-
dimensional) g—module. Then H*(g, A) = 0.

Proof. Suppose there is a module A with H?(g,A) # 0. Then there is such a g—module with minimal K-
dimension. If A is not simple, then there is a proper submodule 0 # A’ C A. Consider 0 - A’ - A —
A/A” — 0 and the associated long exact sequence in cohomology

.- — H*(g,A’) > H*(g,A) »> H?(g, A/A") — ---.

Since A’ is a proper submodule, the minimality property of A leads to the contradiction H?(g,A) = 0.
Hence A has to be simple. But then A has to be a trivial g—module by Proposition 5.9. Since K is the only
simple trivial g—-module, we have to show that H?(g,K) = 0. This will yield the desired contradiction.
By the interpretation of H? given by Theorem 5.12, we have to show that every central extension

0—>K—i>llﬂ>g—>0

of the Lie algebra g splits.
Let s: g — I be a K-linear section such that ps = 1;, which exists if we regard Ir and g as vector spaces.
Using the section s, we define, in the K-vector space underlying Iy, a g—module structure by

xoy=[sx,y], xeg, yel

where the bracket is in I. Note that since p is a Lie algebra homomorphism and ps = 1; we have that
s([x,x"])—[sx,sx’] € iK. So that for x,x” € g, y € h we have x"o(xoy)—xo(x'oy) = [s[x’, x], p]+[ik, y] = [x", x]op
where k € K. Clearly K is a submodule of the g—module Iy so defined.

Now regard Iy as a g—module. By Corollary 5.11 K is a direct summand in [, say h = K@ L' If x,x" e i/
and k, k’ € K then [x" + k’,x + k] = [x/, x] which means that [x’,x] € i’. Hence i’ is a Lie subalgebra of i and
must be isomorphic to g. Consequently, i = K @ g and the central extension of we proposed above splits
as we wanted. O
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