The area of the symmetric representation of g(n), i.e. the area between the (n-1)-
st and the n-th Dyck paths, equals g(n).
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Notations, Definitions and Equations

n=2"xq,mz20, qodd.

r=row[n] = “‘(\/8”7"'1_1”

s(n) = area of the symmetric representation of g(n).

For1<israndr<j<n:

A235791(n,i) = a(i) = [2L - &1 and a(r+1) =0,
A237591(n,i) = a(i) - a(i+1),
a(i)=2-2L+1=2m2- 2L +1 forin,i<randiodd,

a(2]+”)=a(2m+1xi)=%-2mx-j~+1 forjjn,r<j,jodd, q=ixj and 2™ xj <r.

A237048(n,i) = b(i)={ 1 ifn- Z(i+1) = Omodi7
0 otherwise
in other words, b(i) = 1ifi| g and b(2™"xi) = 1ifi x j = q, and 0 otherwise.
A249223(n,i) = c(i) = 3 .y (-1)7*V xb())
Note that c(r) is the difference between the odd divisors d of n with d < r, and the odd divisors d of n with
d>r.

Proof

The area s(n) is twice the sum of the products of the length of the legs and their width accumulated to
the diagonal of the symmetric representation of g(n) subtracting once the width at the diagonal, i.e.,
s(n) = 2 x 3|, A237591(n, i) x A249223(n, i) — A249223(n, r)

= 2xyiqa()xci) - cr)

= 2x 314 (@) = a(i+ 1) x (Zjo (1 b)) = c(r)

Simplifying the nested alternating sums reduces to

= 2x YLy (D" x a() x b() - a(r+1) x 3Ly (=177 b()) - c(r)

and using the equations above, the middle term vanishes and the first term simplifies to
= 2% 3 jqaisr @) = 2% Y jiqaj5ra0) = c(r)

= 25 % jqaier @Tx =) = 2 F g (-2 24 1) - o)
2m 1 x ZI|q&isr£,'L +2m 1 2 jlq8jsr _7__ = 2 ilqsisri = 2 jjqaprd

* Litgsisr 1 = Ljjgapr 1 - Clr)

(2™1 -1)x p(q) + c(r) - c(r)

a(n)



